Abstract. We point out a link between the theorem of Balian and Low on the nonexistence of well-localized Gabor-Riesz bases and a constant curvature connection on projective modules over noncommutative tori.
Introduction
The theorem of Balian-Low on the non-existence of well-localized Gabor-Riesz bases for L 2 (R) is one of the cornerstones of time-frequency analysis [2, 23] . For the formulation we first introduce the multiplication operator and differentiation operator, denoted by (∇ 1 g)(t) = 2πi t g(t) and (∇ 2 g)(t) = g ′ (t) , respectively. Let π(z)g(t) = e 2πiωt g(t−x) be the time-frequency shift of a function g by z = (x, ω) in phase space. Gabor studied in [14] systems of the form G(g, θZ × Z) = {π(θk, l)g : k, l ∈ Z}, so-called Gabor systems with Gabor atom g.
A natural question about Gabor systems G(g, θZ × Z) for a fixed Gabor atom g is to study for which θ the system G(g, θZ × Z) is a frame. If g is well-localized in time and frequency, then θ = 1 will be excluded as for the Gaussian. It turns out that for some Gabor atoms g, such as the Gaussian or any totally positive function of finite type G(g, θZ × Z) is a Gabor frame for any θ in (0, 1), [19, 28, 34] . On the other hand the answer for the indicator function of an interval [0, c] is much more intricate and the values θ and c for which one gets a Gabor frame are known as Janssen's tie [11, 22] . The theorem of Balian-Low provides an explanation for these facts.
In particular, the theorem of Balian-Low implies that if G(g, Z 2 ) is an orthonormal basis for L 2 (R), then g is not well-localized in time and frequency, e.g. g cannot be in the Schwartz class S (R) or in Feichtinger's algebra S 0 (R). The definition of Gabor systems does not indicate a link to regularity properties of the Gabor atom. Hence, the very reason for the incompatibility between orthonormal Gabor bases of the form G(g, Z 2 ) and good time-frequency localization is not well understood despite the vast literature on the Balian-Low theorem [1, 2, 3, 5, 4, 5, 7, 12, 15, 16, 17, 20, 21, 29, 30, 35] . Note that some authors refer to statements of the form Theorem (1.1) as weak Balian-Low theorems.
The main aim of this investigation is to present an approach to Gabor frames that provides an explanation of the link between regularity properties of Gabor atoms and their behavior at the critical density. We are building on the correspondence between Gabor frames and projective modules over noncommutative tori [24, 25, 26] . The standard argument to demonstrate Theorem 1.1 is due to Battle [3] . We are demonstrating that Battle's argument is best understood in terms of noncommutative geometry.
Noncommutative tori
In noncommutative geometry one attempts to define geometric objects and notions for general C * -algebras. For our purpose we need the noncommutative torus A θ equipped with its structure as a noncommutative manifold. We briefly recall the construction of vector bundles over noncommutative tori, which are finitely generated projective modules over A θ , the differential structure on A θ is given by derivations and on the vector bundles by a connection, and the notion of curvature of a connection [8] .
We denote the operators π(0, 1) and π(θ, 0) as M 1 and T θ , respectively. Note that we have M 1 T θ = e 2πiθ T θ M 1 and hence the norm closure of {π(kθ, l) : k, l ∈ Z} defines the noncommutative torus A θ , [31] . The smooth noncommutative torus is the subalgebra A ∞ θ of A θ consisting of operators (1) π
The standard derivations on A θ are given by
ka kl π(θk, l) and
The Schwartz space S (R) turns out to be vector bundle over A ∞ θ , [8, 25, 32] . Proposition 2.1 (Connes). The Schwartz space S (R) is a finitely generated projective module over the smooth noncommutative torus A ∞ θ with respect to the following A ∞ θ -valued innerproduct and left action:
Connes defined also a constant curvature connection on S (R), see [8, 9] , given by covariant derivatives ∇ 1 , ∇ 2 :
The covariant derivatives satisfy the left Leibniz rule
For example, we have for a = π(θk, l) that
The covariant derivatives are compatible with the hermitian structure of the A ∞ θ -module S (R):
Finally we observe that the connection has constant curvature:
which acts on the left on the A ∞ θ -module S (R), see [8, 10] . In the case of the Moyal plane we have a similar setting and the constant curvature connection provides a gaugetheoretic description of the canonical commutation relations [10] , which also sheds some additional light on Battle's proof in the next section.
Balian-Low Theorem
The theorem of Connes that S (R) is a finitely generated projective module over A θ implies that there exist generators g 1 , ..., g n in S (R) such that
In this investigation we restrict our interest to the case, when the A ∞ θ -module S (R) has one generator g. In [25] it was shown that this is equivalent to the Gabor system G(g, θZ × Z) to be a frame for L 2 (R), i.e. there exist constants A and B, so called frame constants, such that
or equivalently, that the frame operator Sf := • f, g g has spectrum [A, B].
If G(g, θZ × Z) is a Gabor frame, then one has expansions of the form
for all f ∈ L 2 (R). The atom S −1 g in the above expansions is known as the canonical dual Gabor atom. We showed in [26] that there is a correspondence between tight Gabor frames, i.e. Gabor frames G(g, θZ × Z) with A = B and atoms g in S (R), and projections p = • g, g in noncommutative tori A is the space of smooth functions over the torus C ∞ (T 2 ).
Our main contribution is to place Battle's proof of the theorem of the (weak) BalianLow Theorem into the framework of noncommutative geometry. Namely, Battle uses the left Leibniz rule for the covariant derivations ∇ 1 and ∇ 2 for the time-frequency shifts π(k, l) and that the connection defined by ∇ 1 , ∇ 2 has constant curvature −2πi.
We present now Battle's argument for a more general formulation of the theorem of Balian-Low [17] . 
Proof. Suppose ∇ i g and ∇ i h are in L 2 (R) for i = 1, 2. Then the left Leibniz rule for ∇ 1 applied to π(k, l) implies that
Now, the biorthogonality of g and h yields that the second term on the right hand side vanishes
2 (R) and h = S −1 g is the unique dual Gabor atom. Hence we have
We use these relations to derive at a contradiction to the fact that ∇ 1 , ∇ 2 is a constant curvature connection on S (R).
implies that the curvature F 1,2 = ∇ 1 ∇ 2 − ∇ 2 ∇ 1 has a kernel as an operator on L 2 (R) that vanishes. Hence we have arrived at a contradiction to the assumption ∇ i g and
In particular, the Balian-Low theorem implies that a g ∈ S (R) cannot generate a Riesz basis of the form G(g, Z 2 ). For θ ∈ (0, 1) there exist Schwartz functions, e.g. the Gaussian g(t) = e −πt 2 , that generate Gabor frames for θZ × Z. These Gabor frames may be used to construct non-trivial projections in A θ with trace θ, see [26] . In contrast to the commutative case, where A θ=1 only has the trivial projections p = 0 and p = I. Recall that A Finally, there is an extension of the Balian-Low theorem to the case of Gabor-Riesz bases generated by atoms in Feichtinger's algebra S 0 (R), see [1, 18] . Consequently, the preceding statement also holds for singly-generated projective S 0 (R) modules over the subalgebra 
There is an argument based on results from operator algebras, which is due to one of the reviewers. We know from [25, 26] that generators of A 1 θ modules are given by Gabor frames with generators in S 0 (R).
Proof. Suppose g ∈ S 0 (R) generates a Gabor frame G(g, Z 2 ). Then its canonical dual atom h is also in S 0 (R) and
defines a projection in A ) is isomorphic to Z 2 and has two generators. One generator corresponds to the trivial element 1 and the other to the Bott element. The projective module defined by S 0 (R) above corresponds to the Bott element, as can be seen by a computation of the Connes-Chern character [32] . However, since the C * -completion of A 1 1 is isomorphic to C(T 2 ). We know that there cannot be any non-trivial projections in C(T 2 ) since T 2 is connected. Thus we have a contradiction, as the projection p above would be non-trivial.
This argument extends to higher dimensional symplectic lattices [17] , as well in much the same way, since time-frequency shifts from symplectic lattices generate commutative algebras, which leads naturally to topological obstructions. This kind of reasoning might allow one to reproduce Gautam's results in [16] by defining modules over Sobolev spaces on noncommutative tori, as in [33] .
Note how the argument fails when we have a multi-window Gabor frame for Z 2 generated by g 1 , ..., g n in S 0 (R). In that case, we can define a projection P = (p ij ) n i,j=1 in the matrix algebra M n (C(T 2 )) over C(T 2 ):
where h j denotes the canonical dual Gabor atom to the jth Gabor atom g j . An elementary computation shows that P is a projection in M n (C(T 2 )), which does not yield a contradiction, because there are non-trivial projections in M n (C(T 2 )) for n ≥ 2.
